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We investigate a spin-boson model with two boson baths that are coupled to two perpendicular
components of the spin by employing the density matrix renormalization group method with an
optimized boson basis. It is revealed that in the deep sub-Ohmic regime there exists a novel second-
order phase transition between two types of doubly degenerate states, which is reduced to one of
the usual type for nonzero tunneling. In addition, it is found that expectation values of the spin
components display jumps at the phase boundary in the absence of bias and tunneling.
The spin boson model (SBM) [1, 2] describes a two-
level system coupled to a bosonic bath often represented
by a set of harmonic oscillators. As an archetype model
for quantum dissipation, the SBM has been widely used
in fields such as quantum computation [3, 4] and qubit de-
coherence [5], amorphous solids [6], biological molecules
[7, 8], as well as studies of thermodynamic properties
[9], spin dynamics [1, 10] and quantum phase transitions
[11, 12]. The SBM can be written as
HSBM =
ε
2
σz −
∆
2
σx +
∑
l
ωlb
†
l bl
+
σz
2
∑
l
λl(b
†
l + bl), (1)
where ε is the spin bias, σx and σz are pauli matrices,
∆ is the tunneling constant, ωl is the frequency of the
l-th boson mode for which bl(b
†
l ) denotes the boson an-
nihilation (creation) operator, and λl signifies the cou-
pling amplitude with the spin. For a quasi-continuous
spectral density function J(ω) ≡
∑
l λ
2
l δ(ω − ωl), a
power law form can be adopted in the low-frequency
regime: J(ω) = 2παω1−sc ω
s, where ωc is the cut-off fre-
quency, α is the spin-bath coupling constant, and s is the
spectral exponent characterizing bath properties so that
s = 1 and s < 1 (s > 1) are known as the Ohmic and
sub-Ohmic (super-Ohmic) regime, respectively. Studies
[11, 12] have shown that if ε = 0 and s < 1, strong spin-
bath coupling induces spontaneous symmetry breaking
restricting the orientation of the spin-1/2 to a specific
direction (spin-up or down). Thus, the spin-1/2 will be
in a two-fold degenerate state, and the entire system, de-
scribed by Eq. (1), is said to be in the ’localized’ phase.
For weak coupling, the spin is free to flip between the
spin-up and the spin-down states, and the system is in
the ’delocalized’ phase. A critical coupling strength αc
exists for this second order phase transition, which for
s = 1 emerges as a Kosterlitz-Thouless transition [13].
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One can add to Hamiltonian (1) an off-diagonal cou-
pling term, represented by σz/2
∑
l λ¯l(b
†
l + bl). Recent
studies [14] reveal that in the sub-Ohmic regime, the off-
diagonal interaction could lift the degeneracy in the local-
ized phase, hence removing the second order phase transi-
tion, while there may exist a first order phase transition
when the diagonal and off-diagonal coupling strengths
are chosen properly. To obtain deeper understandings
on the competition between the diagonal and off-diagonal
coupling, an additional boson bath, coupled to the spin-
1/2 off-diagonally, is taken into consideration, resulting
in a so-called “two-bath SBM.” In the limit of zero tun-
neling, the model possesses a high level of symmetry cor-
responding to a non-abelian group that contains eight
elements. Our symmetry-based analysis shows that the
system ground state is always doubly degenerate, and the
phase transition occurs not between phases with degen-
erate and non-degenerate ground states, but rather due
to the fact that ground-state degeneracy does not nec-
essarily imply spontaneous symmetry breaking. Stated
differently, a special type of quantum phase transitions
is identified here, which is confirmed by results from the
density matrix renormalization group (DMRG) calcula-
tions, a method that has been proven in numerous studies
of quantum phase transitions in the usual SBM [15].
Previous studies, such as DMRG, numerical renor-
malization group (NRG), quantum Monte Carlo (QMC)
and variational methods, have revealed that in the ab-
sence of bias 〈σz〉 will be zero if α is below some critical
value αc(∆), implying the system to be in a delocalized
phase. If α > αc, 〈σz〉 acquires a finite value and the
system enters into a localized phase. This well known
delocalized-localized transition is ascribed to the compe-
tition between the spin-bath coupling and the tunneling
constant. Off-diagonal coupling between spin and the
boson bath, which can be described by σx2
√
η
pi
(b†0 + b0),
provides an alternative channel of communications be-
tween spin down | ↓〉 and up | ↑〉 states. The single-bath
SBM has been investigated via the Davydov D1 varia-
tional ansatz [14], and a novel first order phase transi-
tion was found to arise when the off-diagonal coupling
is taken into account along with the diagonal coupling.
2Motivated by this finding, we expect much richer ground
state properties can be uncovered when the diagonal and
the off-diagonal coupling is ascribed to two boson baths
rather than a common one. The Hamiltonian for the
two-bath SBM can be given as
Hˆ =
ε
2
σz −
∆
2
σx +
∑
l,i
ωlb
†
l,ibl,i
+
σz
2
∑
l
λl(b
†
l,1 + bl,1) +
σx
2
∑
l
φl(b
†
l,2 + bl,2), (2)
where the subscript i = 1, 2 is introduced to distinguish
the two baths, and λl and φl are the diagonal and off-
diagonal coupling strengths, respectively, which can be
used to determine spectral densities,
Jz(ω) =
∑
l
λ2l δ(ω − ωl)⇒ 2αω
1−s
c ω
s, (3)
Jx(ω) =
∑
l
φ2l δ(ω − ωl)⇒ 2βω
1−s¯
c ω
s¯. (4)
Here, α and β are dimensionless coupling constants, and
ωc is set to be unity throughout this work. The two baths
are characterized by the spectral exponents s and s¯.
Eq. (1) can be recast into its continuum form
HSBM =
ε
2
σz −
∆
2
σx +
∫ ωc
0
g(ω)b†ωbω
+
σz
2
∫ ωc
0
h(ω)(b†ω + bω), (5)
where bω and b
†
ω are the counterparts of bl and b
†
l , g(ω) is
the dispersion relation, and h(ω) is the coupling function.
As indicated in Refs. [16] and [12], g(ω) and h(ω) obey
J(ω) = π
dg−1(ω)
dω
h2(g−1(ω)), (6)
with g−1(ω) being the inverse function of g(ω). Starting
from Eq. (5), and using the canonical transformation[16,
17], we can map the boson bath onto a Wilson chain,
with Eq. (5) being mapped simultaneously onto
Hˆ =
ε
2
σz −
∆
2
σx +
σz
2
√
η
π
(p†0 + p0)
+
∑
n=0
[ωnp
†
npn + tn(p
†
npn+1 + p
†
n+1pn)], (7)
here p†n (pn) are boson creation (annihilation) operator,
ωn is the on site energy of site n, tn is the hopping am-
plitude, the coupling constant η is proportional to α. In
order to deal with the two-bath SBM by employing the
DMRG algorithm, followed by the standard treatment
[12, 16, 17] that leads to Eq. (7), the two boson baths are
transformed into two Wilson chains. The Hamiltonian
(5) is mapped simultaneously to[16]:
Hˆ =
ε
2
σz −
∆
2
σx
+
∑
n=0,i
[ωn,ip
†
n,ipn,i + tn,i(p
†
n,ipn+1,i + p
†
n+1,ipn,i)]
+
σz
2
√
ηz
π
(p†0,1 + p0,1) +
σx
2
√
ηx
π
(p†0,2 + p0,2), (8)
where i = 1, 2 label the baths, and
ηx =
∫ ωc
0
Jx(ω)dω =
2πβ
1 + s¯
ω2c , (9)
ηz =
∫ ωc
0
Jz(ω)dω =
2πα
1 + s
ω2c , (10)
ωn,1 = ζs(An + Cn), tn,1 = ζs(
Nn+1
Nn
)An, (11)
ζs =
s+ 1
s+ 2
1− λ−(s+2)
1− λ−(s+1)
ωc,
An = λ
−n (1 − λ
−(n+1+s))2
(1 − λ−(2n+1+s))(1 − λ−(2n+2+s))
,
Cn = λ
−n+s (1− λ
−n)2
(1− λ−(2n+s))(1− λ−(2n+1+s))
,
N2n = λ
−n(1+s) (λ
−1;λ−1)2n
(λ−(s+1);λ−1)2n(1− λ
−(2n+1+s))
,
with (a; b)n = (1 − a)(1 − ab)(1 − ab
2) · · · (1 − ab(n−1)).
Here λ > 1 is the discretization parameter. In the Fock
representation, the ground state wave function of Hamil-
tonian (8) characterizing a single chain system can be
written in the form of matrix-product states (MPS) as
|ψ〉 =
∑
i0=↑,↓;j
X i0Xj1Xj2 · · ·XjL−1 |i0,~j〉, (12)
where i0 is the spin index, ~j = (j1, j2, · · · jL−1), with
0 ≤ ji ≤ dp, represents the quantum numbers for the
boson basis, L is the length of the chain (chosen as 51),
and dp is the the number of boson modes allocated on
each site. Xj are single matrices whose dimensions are
restricted by a cut off Dc = 50. Subsequently, perform-
ing an iterative optimization procedure[18], each matrix
X can be optimized to a truncation error less than 10−7.
Furthermore, if a DMRG algorithm with an optimized
boson basis[15] is used, the boson number dp on each site
of the Wilson chain can be kept up to 100. Therefore, a
total of 102L phonons are included in the calculations. A
minimum of dp = 20 phonons need to be kept to arrive
at a clear conclusion about the phase transition. Us-
ing obtained MPS wave functions, we can extract 〈σx〉,
〈σz〉 and the von-Neumann entropy Sv−N ≡ −Trρslogρs,
where ρs is the reduced density matrix of the spin.
The sub-Ohmic SBM with β = 0 and the spectral den-
sity (3) may exhibit a second order transition from a de-
localized phase (〈σz〉 = 0) to a localized one (〈σz〉 6= 0),
3FIG. 1: (a) 〈σx〉 and 〈σz〉 calculated as a function of β
using two on-site boson number dp = 6 and 30; (b) the von-
Neumann entropy Sv−N as a function of β. The position of
the critical point is labeled by the vertical dashed line, and
we set s = s¯ = 0.25 and α = 0.02.
if α > αc (0 < αc < 1) [12]. Especially, if s < 1/2, crit-
ical exponents of the phase transition, such as 〈σz〉 =
(α − αc)
βMF where βMF = 1/2, can be obtained via
quantum-to-classical correspondence as demonstrated by
a variety of numerical techniques [11, 12]. In the two-
bath SBM of Eq. (8), competition between the baths
pose a significant challenge to the numerical simulations
due to an increased total boson number that must be
kept. DMRG calculations [15] have so far revealed that
if s = s¯ < 1/2 and σx and σz coupled to two boson baths
with equivalent coupling strengths (α = β), the spin is
situated in a localized state. Further, to obtain a deeper
insight into the properties of the two-bath SBM, it is
interesting to investigate the deep sub-Ohmic regime of
the two-bath SBM with different α and β, for a general
scenario of s = s¯ and s 6= s¯. At last, we will discuss the
situations with finite ε or ∆.
We first explore the case of ε = ∆ = 0 and s = s¯ = 0.25
for which Hamiltonian (8) is invariant under operation
P = σye
i
∑
n
(b†n,1bn,1+b
†
n,2bn,2), (13)
indicating a two-fold degeneracy of the ground state. A
tiny symmetry-breaking perturbation, a tiny symmetry-
breaking perturbation, is often applied to a state with
two-fold degeneracy in the DMRG calculations. Due to
diagonal coupling, the spin will be trapped with a finite
〈σz〉, forming a localized phase. The coupling with σx,
however, induces a spin flip between | ↑〉 and | ↓〉, thereby
hindering the self-trapping process. Fig. 1 (a) shows cal-
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FIG. 2: 〈σx〉 and 〈σz〉 with respect to β. Here, s = 0.3,
s¯ = 0.2, and α = 0.02. The transition points are marked by a
pink dashed line. The corresponding von-Neumann entropy
(Sv−N) with respect to β is shown as well. Remarkably, Sv−N
shows a sharp peak at the critical point, at about 0.0115 where
phase I goes into II.
culated 〈σx〉 and 〈σz〉 for α = 0.02 and a range of β values
from 0.0 to 0.05. It is clear that when the off-diagonal
coupling is dominant, i.e., β ≫ α, 〈σx〉 is finite so that
the spin is in the superposition state of | ↑〉 and | ↓〉.
We ascribe this phase as ’phase I’. Similar arguments re-
main valid for the case of β ≪ α, when 〈σz〉 assumes a
finite value and we term this phase as ’localized phase
II’, abbreviated as ’phase II’. Further, as shown in Fig. 1
(b), Sv−N also shows a sharp peak at the critical point,
β ∼ 0.0204. In addition, we have also calculated the
fidelity near the critical point reaching the same conclu-
sion. As shown in Fig. 1 (a), 〈σz〉 and 〈σx〉 are sensitive
to the boson number dp being kept in DMRG calculation.
Evidently, to obtain reliable data at the critical point, it
is necessary to choose a sufficiently large dp (over 20).
Next, we study the case of s 6= s¯. According to Eq. (9)
[Eq. (10)], if ω < ωc = 1, the strength of ηx (ηy) is
inversely proportional to 1 + s (1 + s¯). Therefore, as
opposed to the case of s = s¯, where the spin-bath in-
teractions are governed solely by α and β, if s 6= s¯, the
effective spin-bath interactions are modified, leading to
a shift of the two critical points as shown in Fig. 1. In
Fig. 2, we present calculated 〈σz〉, and 〈σx〉 for the case
of s = 0.3, s¯ = 0.2. Similarly, the properties of the tran-
sition, from I to II, are analogous to those exhibited in
Fig. 1 (a), the critical point moves from 0.0204 to 0.0115,
as indicated by the peak of the entanglement entropy in
Fig. 2. It is convenient to renormalize α and β by the
factors 1/(1 + s) and 1/(1 + s¯), respectively. Here, s
(s¯) increases (decreases) from 0.25 to 0.3 (0.2), therefore,
the effective diagonal (off diagonal) coupling will become
smaller (larger). In order to reproduce the pha se tran-
sition in Fig. 1, the critical value of beta will have to the
left, which is just the result shown in Fig. 2.
It is now clear that due to the competition of the two
baths a second order phase transition exists in the two-
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FIG. 3: 〈σz〉 as a function of α and β, wherein s = 0.3,
s¯ = 0.2, ∆ = 0.1.
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FIG. 4: 〈σz〉, 〈σx〉, and entanglement entropy Sv−N as a func-
tion of α near the critical point, pointing to a second order
phase transition. 〈σx〉 shows a small kink at the critical point.
bath SBM. In the absence of ε and ∆, σx and σz swap
their roles through a rotation along the y axis. This re-
sults in a similar swap of 〈σx〉 and 〈σz〉 near the critical
point, where 〈σx〉 displays a kink when ∆ 6= 0. In con-
trast to the single-bath SBM, 〈σx〉 vanishes due to the
full SU(2) symmetry of the spin and the absence of a con-
fining potential for σx. It should be stressed that both
phases, Phases I and II, are doubly degenerate, in agree-
ment with the parity symmetry of Hamiltonian (8). The
degeneracy of phase I (II) is characterized by the eigen-
states of σz (σx), | ↑〉 and | ↓〉 (| ←〉 and | →〉). This
is a novel feature of a second order phase transition be-
tween states with two-fold degeneracy as a result of bath
competition.
As pointed out in Ref. [14], finite ε or ∆ can break
the symmetry of the ground-state free energy and thus
prevent the occurrence of a second order phase transition.
For s = 0.3, s¯ = 0.2, Fig. 3 shows 〈σz〉 as a function of
α and β, where ∆ is imposed on the x spin component.
Fig. 4, which displays 〈σz〉, 〈σx〉, and Sv−N as a function
of α for the case of β = 0.03, further confirms the phase
boundary in Fig. 3. Unlike the large spike at the critical
point shown in Fig. 1, only a much less pronounced kink is
found in 〈σx〉. It is argued that the occurrence of the kink
is ascribed to a sufficiently large ∆. Similar results can
be obtained under a spin bias in the z component after
rotating along the y axis. Moreover, through intensive
DMRG calculations, we find that 〈σz〉 can be reduced to
zero by increasing ∆ in the localized phase, while 〈σx〉
reaches a saturation value.
To summarize, in the deep sub-Ohmic regime, for an
extended SBM with two baths coupled to the x and z
spin components, there exists a second order phase tran-
sition, from the doubly degenerated ’coherent phase I’ to
the other doubly degenerated ’localized phase II’. This
phase transition, which survives the introduction of finite
∆ or ε, offers a notable difference between the single-bath
SBM and the two-bath SBM. Varying bath spectral den-
sities (s 6= s¯) shifts the critical point, and for ε = 0 and
∆ = 0, 〈σz〉 and 〈σx〉 display jumps near the critical
point, a feature that is absent from the single-bath SBM.
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